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Quantum correction to Poisson-Lie and non-abelian T-duality
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Poisson-Lie duality is a generalization of abelian and non-abelian T-duality, and it can be viewed
as a map between solutions of the low-energy effective equations of string theory, i.e. at the (su-
per)gravity level. We show that this fact extends to the next order in α′ (two loops in σ-model
perturbation theory) provided that the map is corrected. The α′-correction to the map is induced
by the anomalous Lorentz transformations of the fields that are necessary to go from a doubled
O(D,D)-covariant formulation to the usual (super)gravity description.
PACS numbers: 02.30.Ik,11.25.Tq
Introduction. The notion of T-duality [1, 2] is central
in string theory. It says that a closed string on a back-
ground with abelian isometries has another description
as a string on a dual background. In the simplest case of
T-duality on a circle, the duality acts by inverting the ra-
dius of the circle. More generally, backgrounds may have
non-abelian isometry groups, and at least at the classi-
cal level there is indeed a generalization to a non-abelian
version of T-duality [3]. Unlike in the abelian case, non-
abelian T-duality (NATD) does not generically preserve
the isometries of the background, and it is therefore not
obvious how to invert the transformation. This problem
was overcome by Klimcˇ´ık and Sˇevera in [4, 5]. They real-
ized that the map can be made invertible by relaxing the
notion of isometry. One requires the background to have
instead so-called Poisson-Lie (PL) symmetry, namely to
possess vector fields vi, with [vi, vj ] = −fijkvk, under
which the metric and B-field of the σ-model transform
as
LviMmn = −f˜ jki vjpvkq MmpMqn , (1)
where Mmn = Gmn − Bmn and f˜ jki are structure con-
stants of a dual Lie algebra. This more general notion
of symmetry allows to define a dual background (see be-
low). This construction became known as “Poisson-Lie
T-duality” since the group structure underlying it is that
of a PL group. The σ-models on the original and dual
backgrounds are classically equivalent being related by a
canonical transformation [6]. When the dual structure
constants f˜ vanish, vi generate standard isometries, and
one recovers (N)ATD.
At the worldsheet quantum level, i.e. including string
α′-corrections, things are more subtle. While abelian T-
duality remains a symmetry of the worldsheet CFT to all
orders in α′, it was quickly realized that NATD cannot
be a symmetry at the quantum level [7]. At best it can
map one worldsheet CFT to another — inequivalent —
one. It can therefore be used to generate new string back-
grounds from old ones. Except for an anomaly when du-
alizing non-unimodular groups [8, 9], this has been shown
to work to zeroth order in α′, i.e. at the low-energy (su-
pergravity) level of the string effective equations, which
corresponds to one loop order in σ-model perturbation
theory. Similar results are known for PL duality, see
e.g. [10, 11]. It has been a long standing problem whether
PL and NATD can be extended beyond this lowest order.
Here we show that PL duality can be extended to order
α′, i.e. two loops in the σ-model perturbation theory,
provided that the map is corrected. A special case of our
results gives the corrections to NATD. When specifying
to the abelian case we recover the results of [12].
To find this correction we exploit a powerful formula-
tion of the string effective equations inspired from Dou-
ble Field Theory (DFT). It has long been known that the
bosonic string compactified on a d-torus has anO(d, d) T-
duality symmetry [13]. DFT is a field theory where this
symmetry is made manifest form the start [14–18] and
is therefore well suited to working with T-duality. This
is achieved by doubling the dimension of the physical
manifold, and by imposing a “section condition” which
effectively eliminates the dependence on half of the coor-
dinates, giving the correct dimension in the end (D = 26
for the bosonic string and D = 10 for the superstring).
Here we always work with the standard choice of section,
so that the background depends only on the physical co-
ordinates. In this formulation it is rather the dimension
of the tangent space that is doubled, and we have two
copies of the Lorentz group instead of one [19]. The
standard Lorentz group is the diagonal of the doubled
one, and under this breaking the equations of DFT re-
duce to the standard string effective equations, at low-
est order in α′. A crucial point is that at the quan-
tum level it is impossible to preserve both the O(D,D)
and the Lorentz covariance of the fields [20–23]. If we
insist on fields which transform nicely under T-duality
and O(D,D), they must transform non-covariantly un-
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FIG. 1: Starting with the PL duality map for the doubled
fields (E,d), the map for the standard (super)gravity fields
(G,B,Φ) is obtained after a double Lorentz transformation
(Λ(+),Λ(−)) = (Λ, 1) to set e(+) = e(−), thus breaking the
double Lorentz group down to its diagonal subgroup. The α′-
corrections to the PL duality map follow from the anomalous
Lorentz transformations of the fields.
der Lorentz transformations [24] (see [25] for another
manifestation of this fact). The fact that the Lorentz
transformation of the fields receives corrections at order
α′ makes the discussion of the Lorentz invariance of the
theory non-trivial. But this can be turned into a virtue
rather than a shortcoming. In fact the α′-correction to
the Lorentz transformation fixes the correction to the
DFT action [24]. Remarkably, this α′-correctedO(D,D)-
covariant action correctly reproduces the α′-corrections
to the bosonic and heterotic string effective actions [24].
Our strategy is to use the rewriting of PL duality in
the doubled language, where it takes a natural form, see
e.g. [26–30]. The basic fields of the formulation we use,
known as “generalized fluxes”, turn out to be invariant
under PL duality. Since the string effective equations,
including the first α′-correction, can be written in terms
of the generalized fluxes [24, 31], this means that at least
to this order PL duality maps solutions of the doubled
equations to solutions.
At the standard (super)gravity level there are explicit
corrections to the PL duality rules. These corrections
arise from the non-covariance of the doubled fields under
the double Lorentz transformation needed to gauge-fix
down to the diagonal subgroup and to go to the stan-
dard (non-doubled) description. Figure 1 summarizes the
steps involved. This strategy was recently used in [32] to
find the α′-correction to the so-called homogeneous Yang-
Baxter deformations, closely related to NATD [33, 34].
Poisson-Lie duality. In PL duality, fij
k and f˜ ijk are
interpreted as structure constants of Lie groups denoted
by G and G˜. These are combined into a “Drinfel’d dou-
ble” D whose Lie algebra is generated by TI = (Ti, T˜ i),
where Ti are generators of Lie(G), and T˜
i of Lie(G˜). Ob-
viously Lie(G) and Lie(G˜) are subalgebras of D but there
are also mixed commutation relations
[Ti, Tj] = fij
kTk , [T˜
i, T˜ j] = f˜ ijkT˜
k ,
[Ti, T˜
j] = f˜ jkiTk − fikj T˜ k .
(2)
Importantly, D is endowed with the invariant symmetric
bilinear form 〈TI , TJ〉 defined by
〈Ti, Tj〉 = 〈T˜ i, T˜ j〉 = 0 , 〈Ti, T˜ j〉 = δji . (3)
Having introduced D we can now present PL duality
as an invertible map between an “original” background
(specified by a metric Gmn, a Kalb-Ramond field Bmn
and a dilaton Φ) and another “dual” background (with
fields G˜mn, B˜mn and Φ˜). We split the coordinates of
the original background as xm = (yσ, xµ), where yσ are
coordinates on the group G to be dualized, and xµ are
coordinates that play the role of spectators under the
dualization. Similarly, for the dual background we have
x˜m = (y˜σ, xµ) with y˜σ coordinates on G˜. The y and
y˜-dependence is in fact encoded in the group elements
g(y) ∈ G and g˜(y˜) ∈ G˜ featuring below. To present
the map between the original and dual backgrounds we
first need the fact that the condition (1) implies that
Mmn ≡ Gmn −Bmn is of the form
M = UM˙(1 + ΠM˙)−1UT , (4)
where we suppressed matrix indices for readability. The
matrix Um
r depends only on y and it is of block form with
non-vanishing components Uµ
ν = δµ
ν and Uσ
i = uσ
i, the
latter being the components of the Maurer-Cartan form
u = g−1vg = g−1dg = dyσuσ
iTi [43]. The matrix Π
rs
depends only on y and its only non-trivial components
are
Πij = 〈Ad−1g ◦P ◦Adg T˜ i, T˜ j〉 , (5)
where Adg X = gXg
−1 and P is the projector on Lie(G).
Notice that in general Π 6= 0 thanks to the mixed commu-
tation relation of D if f˜ ijk 6= 0. The map between Mmn
and M˜mn is achieved by relating both of them to M˙rs,
a matrix depending only on spectators xµ and on which
no other condition is imposed [44]. The dual background
M˜mn is obtained by [45]
M˜ = U˜ [(M˙ + Π˜)P + P¯ ]−1(M˙P¯ + P )U˜T , (6)
where Uµ
ν = δµ
ν , U˜σ
i = u˜σjδ
ji and P, P¯ project
on indices i, j and µ, ν respectively. As previously
u˜ = g˜−1dg˜ = dy˜σu˜σiT˜
i is a Maurer-Cartan form, and
now Π˜ij = 〈Ad−1g˜ ◦P˜ ◦Adg˜ Ti, Tj〉, where P˜ projects on
Lie(G˜). Finally, the dilatons of the two backgrounds are
related by [35]
exp(−2Φ)(detG)
1/2
detu
= exp(−2Φ˜)(det G˜)
1/2
det u˜
. (7)
Taking G˜ abelian (f˜ ijk = 0) implies Π = 0 and Eq. (4)
simplifies to M = UM˙UT , encoding the usual conse-
quences of having isometries for M . Then parameteriz-
ing the abelian group as g˜ = exp(y˜iT˜
i) with y˜i = y˜
σδσi
it follows that u˜σi = δσi, Π˜ij = y˜kfij
k, and from (6)
3and (7) we recover the rules of NATD in the presence of
spectators [46]. Even simpler is the case when also G is
abelian (fij
k = 0) so that M is invariant under dim(G)
U(1) isometries. Then also Π˜ = 0 and Eq. (6) implements
dim(G) factorized T-dualities, reducing to the celebrated
Buscher rules when only one isometry is dualized.
Double formulation. The non-linear maps in (4)
and (6) admit a much simpler and linear formulation
in the doubled language, where one works with matri-
ces OMN of dimension 2D × 2D. These are elements of
the group O(D,D), meaning that OMPONQηPQ = ηMN
where
ηMN =
(
0 δmn
δm
n 0
)
. (8)
In fact let us construct the (inverse) “generalized viel-
bein” which we parameterize as
EA
M =
1√
2
(
e(+)anMnm e
(+)am
−e(−)a nMmn e(−)a m
)
, (9)
where A is a flat index and M curved. We use simi-
lar parametrizations for E˜A
M and E˙A
R, adding tildes
and dots. Above, e(±) are two possible vielbeins for the
metric Gmn. They are not necessarily equal and in gen-
eral they are related by a non-trivial Lorentz transforma-
tion. Each of them transform under only one of the two
copies of the Lorentz group (distinguished by the (+) and
(−)) arising in the doubled formulation. The generalized
vielbein is one of the main ingredients of the “frame-
like formulation” of DFT, and it will be important for
our derivation of the “unimodularity condition” (18) and
the α′-corrections to PL duality. It is straightforward to
check that the relations (4) and (6) are equivalent to the
relations
E = E˙(1 + Π)U , E˜ = E˙(1 + Π˜)U˜ , (10)
where we suppressed indices. In our notation all dot-
ted quantities only depend on xµ. The non-vanishing
components of ΠR
S and Π˜R
S are again only Πij and
Π˜ij and the antisymmetry properties Π
ij = −Πji and
Π˜ij = −Π˜ji imply that (1 + Π), (1 + Π˜) are elements of
O(D,D). The matrices U , U˜ are also elements ofO(D,D)
with Uiσ = uiσ, U iσ = uσi, U˜ iσ = u˜iσ, U˜iσ = u˜σi,
Uµν = Uµν = U˜µν = U˜µν = δµν . We are using a no-
tation so that ui
σ and u˜iσ are the inverses of uσ
i and u˜σi
respectively. To match (4) and (6) with (10) one finds
that the (+) and (−) vielbeins must transform differently
e(±)ma = e˙
(±)s
a O(±)s
r(U−1)r
m ,
e˜(±)ma = e˙
(±)s
a O˜(±)s
r(U˜−1)r
m ,
(11)
where
O(+) = 1 + M˙Π , O˜(+) = P¯ + (Π˜ + M˙)P ,
O(−) = 1− M˙TΠ, O˜(−) = P¯ + (Π˜− M˙T )P .
(12)
In both cases the (+) and (−) vielbeins are then related
by Lorentz transformations as e
(−)m
a = Λa
be
(+)m
b and
e˜
(−)m
a = Λ˜a
be˜
(+)m
b where
Λ = e˙−1O(−)O
−1
(+)e˙ , Λ˜ = e˙
−1O˜(−)O˜
−1
(+)e˙ , (13)
if we fix e˙ = e˙(+) = e˙(−). Finally the transformation (7)
is translated into
d+ 12 log detu = d˙ = d˜+
1
2 log det u˜ , (14)
where d, d˙, d˜ are called “generalized dilatons” and are
parametrized as in d = Φ− 14 log detG [47].
PL duality as a map between string back-
grounds. The double formulation is very useful because
in this language it is very simple to prove that the PL
duality transformation is a solution generating technique
in string theory, at least to leading and subleading order
in the α′-expansion and likely to all orders. From EA
M
and d one can construct the “generalized fluxes”
FABC = 3E[AM∂MEBNEC]N ,
FA = EBM∂MEBNEAN + 2EAM∂Md ,
(15)
that are the dynamical fields of the frame-like formula-
tion of DFT. In fact the DFT equations of motion can be
written only in terms of the above fluxes and their flat
derivatives ∂AF = EAM∂MF , both at leading and sub-
leading order in the α′-expansion [31]. Under the trans-
formation (10) we have
FABC = 3E˙[Aµ∂µE˙BN E˙C]N (16)
+ 3E˙[A
iE˙B
jE˙C]kfij
k + 3E˙[A
iE˙BjE˙C]kf˜
jk
i,
FA = E˙Bµ∂µE˙BN E˙AN + 2E˙Aµ∂µd˙ (17)
+ E˙A
ifij
j − E˙Ai(f˜ ij j + E˙AifjkiΠjk).
For the reader’s convenience we give the details of the
computation in the appendix. The results for the dual
background are analogous upon exchanging tilded and
untilded quantities, and appropriately raising or low-
ering i, j, k indices. Because of the symmetry of (16)
under this transformation, it immediately follows that
FABC = F˜ABC . Eq. (17) instead is not symmetric un-
der this transformation, but it becomes symmetric if we
impose the tracelessness of the structure constants
fij
j = 0 , f˜ ijj = 0 , (18)
as detailed in the appendix. When this “unimodularity
condition” holds we have simply
FA = E˙Bµ∂µE˙BN E˙AN + 2E˙Aµ∂µd˙ , (19)
and FA = F˜A immediately follows. Notice that not only
both fluxes but also their flat derivatives are invariant
4under the PL transformation. In fact, since they only
depend on spectators xµ it follows that EA
M∂MF =
EA
µ∂µF = E˜Aµ∂µF˜ = E˜AM ∂˜M F˜ .
If we start from a string background, or in other words
given a model with EA
M and d of the PL form (10)
and (14) that satisfies the doubled equations of motion
to zeroth and first order in α′, we conclude that the dual
model given by E˜A
M and d˜ also satisfies the same equa-
tions, at least when (18) holds. This likely extends to all
orders in α′. This is a proof that PL duality is a solu-
tion generating technique in string theory at least when
both structure constants are traceless, as found already
to lowest order in [36]. When G˜ is abelian this condition
reduces to the unimodularity condition for NATD [8, 9].
α′-corrections. So far we have shown that in the
doubled formulation the PL duality transformation works
and remains uncorrected at least to order α′. Note that
the assumption is that the DFT equations are satisfied
without the need of correcting the O(D,D) form (10)
of the PL transformation, and therefore only M˙ and d˙
in (10) and (14) can depend on α′.
The description of the two models in terms of standard
(i.e. non-doubled) fields (G,B,Φ) and (G˜, B˜, Φ˜) is dif-
ferent, and the PL duality transformation between these
does receive α′-corrections. The reason is that when go-
ing from a doubled to a standard (super)gravity formula-
tion we must first perform a double Lorentz transforma-
tion to set the two vielbeins e(+) and e(−) equal [24]. At
order α′ the fields of the doubled formulation transform
non-covariantly under local Lorentz transformations, and
this induces extra α′-corrections also for the standard
fields. The situation is illustrated in figure 1. Because of
the non-covariance even under the diagonal of the double
Lorentz group, we say that the reduction from the dou-
bled to the standard formulation picks a specific non-
covariant “scheme”, which we call the scheme of DFT.
To translate our results into covariant schemes one must
implement α′-dependent field redefinitions. We provide
a useful dictionary in the appendix.
The correction for Mmn induced by the compensating
double Lorentz-transformation with Λ(+) and Λ(−) is [48]
a∆
(−)
Λ(−)
M (DFT)nm + b∆
(+)
Λ(+)
M (DFT)mn , (20)
where a = b = −α′ for the bosonic string and a = −α,
b = 0 for the heterotic string (and a = b = 0 for type II).
The finite form of the anomalous transformations is [49]
∆
(±)
Λ M
(DFT)
mn =
1
2 tr
(
∂mΛΛ
−1 ω(±)n
)
−BWZW,(Λ)mn
+ 14 tr
(
∂mΛΛ
−1∂nΛΛ
−1
)
, (21)
where ω
(±)b
ma = ωma
b ± 12Hmab and ω is the spin-
connection for the vielbein e after the diagonal gauge-
fixing. The WZW-like contribution to B is defined by
dBWZW,(Λ) = − 112 tr
(
dΛΛ−1dΛΛ−1dΛΛ−1
)
. (22)
The α′-corrections to the original model can be ob-
tained for example after choosing e = e(−) and doing
the double Lorentz transformation on e(±) to achieve the
diagonal gauge with (Λ(+),Λ(−)) = (Λ, 1) and Λ given
in (13) [50]. Then the correction is
∆M (DFT) = b∆
(+)
Λ M
(DFT) (23)
+ α′U(1 + M˙Π)−1∆M˙(1 + ΠM˙)−1UT ,
where the second term comes when expanding (4) with
the α′-corrections M˙ → M˙ +α′∆M˙ . Notice that for the
heterotic string (b = 0) the PL map is uncorrected in
the DFT scheme in the gauge e = e(−) [51]. For the dual
background the same reasoning applies, and choosing e˜ =
e˜(−)
∆M˜ (DFT) = b∆
(+)
Λ˜
M˜ (DFT) (24)
+ α′U˜(M˙P + Π˜ + P¯ )−1∆M˙(−PU˜−1M˜ + P¯ U˜T ) .
The transformation of the dilatons follows from the
fact that the generalized dilaton (14) is not anomalous
under Lorentz [24] and that the parametrization in terms
of standard metric and dilaton holds to α′ order. Then
∆Φ(DFT) = α′∆d˙+ 14G
mn∆G(DFT)mn ,
∆Φ˜(DFT) = α′∆d˙+ 14 G˜
mn∆G˜(DFT)mn ,
(25)
where we allowed an α′-correction d˙→ d˙+ α′∆d˙.
We refer to the appendix for an example of a computa-
tion of such α′-corrections. When specifying the map to
a single U(1) T-duality, Eq (24) and (25) reproduce the
rules written in [12] by Kaloper and Meissner, as proved
in [32].
Conclusions. In this Letter we employed the frame-
like formulation of DFT to show that (when the condi-
tions in (18) hold) PL duality is a map between solutions
of the low-energy effective string equations at least to first
order in α′ and likely to all orders. We did this for a two-
parameter family of theories interpolating between the
bosonic and the heterotic string (when the gauge fields
and fermions of the latter are set to zero). It would be
interesting to generalize these results to the case in which
G for example is replaced by the coset G/H .
The importance of Eq. (23), (24) and (25) is two-fold.
First, they provide the necessary quantum corrections
to the PL duality transformation rules in order to ex-
tend the map to order α′. Second, they imply that the
form of the α′-corrections of backgrounds admitting PL
symmetry is strongly constrained by the PL symmetry
itself [52]. In particular Eq. (23) and (25) can be in-
terpreted as an efficient way to compute α′-corrections
for PL symmetric backgrounds, since the only unknowns
are ∆M˙ and ∆d˙, and they can be found by imposing
the order α′ equations of motion. This is much simpler
than trying to compute the corrections directly for M
and Φ. It would be interesting to see if, when consider-
ing non-conformal σ-models, the α′-corrections that we
find preserve the form of the β-functions.
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Appendix
In this appendix we collect some details regarding the
PL transformation rules, the double formulation, and the
calculations of the generalized fluxes and α′-corrections.
We also provide the field redefinitions between different
schemes typically useful at order α′, and we work out an
explicit example.
Some details on the double formulation. Let us
review some basics of the doubled formulation for the
reader’s convenience. We work with O(D,D) matrices
like
OMN =
(
amn b
mn
cmn dm
n
)
, (26)
satisfying OMPONQηPQ = ηMN where ηMN was given
in (8). Double curved indices are lowered and raised with
ηMN and its inverse η
MN . The generalized vielbein EA
M
in (9) can be used to translate curved into flat indices and
vice versa, so that
ηAB =
(
ηˆab 0
0 −ηˆab
)
, (27)
with ηˆab the Minkowski metric in D dimensions. Dou-
ble flat indices are lowered and raised with ηAB and its
inverse ηAB. Notice that under a double Lorentz trans-
formation EA
M → ΛABEBM with
ΛA
B =
(
Λ(+)ab 0
0 Λ
(−)b
a
)
, (28)
the two vielbeins of the standard formulation transform
independently under the two copies of the Lorentz group
e(+) → Λ(+)e(+), e(−) → Λ(−)e(−). Another object usu-
ally constructed in DFT is the generalized metric HMN .
We do not need it for our derivation, but for complete-
ness let us write its parametrization in curved and flat
indices
HMN =
(
(G−BG−1B)mn (BG−1)mn
−(G−1B)mn Gmn
)
,
HAB =
(
ηˆab 0
0 ηˆab
)
.
(29)
At this point let us remark that Eq. (6) is equivalent to
M˜στ = u˜σiN˜
ij u˜τj , M˜σν = u˜σiN˜
ijM˙jν , (30)
M˜µτ = −M˙µiN˜ ij u˜τj , M˜µν = M˙µν − M˙µiN˜ ijM˙jν ,
where N˜−1ij = (M˙ + Π˜)ij . This way of presenting the
transformation rules makes it easier to compare to the
known rules of abelian and non-abelian T-duality. Notice
that the Lorentz transformation in (13) can be equiva-
lently written as
Λ˜a
b = δa
b − 2e˙aiN˜ ij e˙jb . (31)
Generalized fluxes. For the computation of the gen-
eralized fluxes it is useful to introduce the generalized
Weitzenbo¨ck connection
ΩABC = EA
M∂MEB
NECN , (32)
so that Eq. (15) becomes
FABC = 3Ω[ABC] , FA = ΩBBA + 2EAM∂Md . (33)
In order to detail more easily the steps of the computa-
tion, let us introduce for convenience Eˆ and Eˇ so that
Eq. (10) is
E = EˆU , Eˆ = E˙(1 + Π) ,
E˜ = EˇU˜ , Eˇ = E˙(1 + Π˜) .
(34)
Then we can calculate the connection ΩABC obtaining
EˆA
µ∂µEˆB
N EˆCN + EˆA
iEˆB
J EˆC
KUiσ∂σUJNUKN
+ EˆA
iUiσ∂σEˆBN EˆCN
= EˆA
µ∂µEˆB
N EˆCN + EˆA
i(EˆB
jEˆCk − EˆBkEˆCj)Tijk
+ EˆA
iUiσ∂σEˆBN EˆCN
= E˙A
µ∂µE˙B
N E˙CN + EˆA
i(EˆB
jE˙Ck − E˙BkEˆCj)Tijk
+ EˆA
iE˙BjE˙CkUiσ∂σΠjk
= E˙A
µ∂µE˙B
N E˙CN + E˙A
i(E˙B
jE˙Ck − E˙BkE˙Cj)Tijk
+ E˙Ai(E˙B
jE˙Ck − E˙BkE˙Cj)ΠilTljk
+ E˙A
i(E˙BjE˙Ck − E˙BkE˙Cj)ΠjlTilk
+ E˙Ai(E˙BjE˙Ck − E˙BkE˙Cj)ΠilΠjmTlmk
+ E˙A
iE˙BjE˙Ck(f˜
jk
i + 2fil
[jΠk]l)
+ E˙AiE˙BjE˙CkΠ
il(f˜ jkl + 2flm
[jΠk]m) .
(35)
6As shorthand notation we introduced Tij
k =
−uiσujτ∂σuτ k, and we used
∂σΠ
ij = uσ
k(f˜ ijk + 2fkl
[iΠj]l) , (36)
which can be checked from the definition of Π. When we
compute FABC = 3Ω[ABC] we find
FABC = 3E˙[Aµ∂µE˙BN E˙C]N
+ 3E˙[A
iE˙B
jE˙C]kfij
k + 3E˙[A
iE˙BjE˙C]kf˜
jk
i
+ 3E˙[AiE˙BjE˙C]kΠ
il(f˜ jkl + 2flm
[jΠk]m) ,
(37)
where we used the Maurer-Cartan equation T[ij]
k =
1
2fij
k. The last term vanishes due to the identity J [ijk] =
0 (see [6]) where
J ijk = f˜ i[j lΠ
k]l − flmiΠljΠmk . (38)
Therefore FABC is given by the expression in (16). As
remarked, the computation for F˜ABC is analogous upon
exchanging quantities with and without tilde, and lower-
ing or raising indices i, j, k.
For the calculation of FA first let us compute
ΩBBA = E˙
Bµ∂µE˙B
N E˙AN − E˙AiTjij − E˙Aif˜ ij j
+ E˙Ai
(
−ΠilTjlj + 2fjl[jΠi]l
)
,
(39)
where we used that Π is antisymmetric. We also have
EA
M∂Md = E˙A
µ∂µd˙+
1
2 E˙A
iTij
j + 12 E˙AiΠ
ilTlj
j , (40)
so that (17) follows after using again the Maurer-Cartan
equation. The analogous computation for the dual back-
ground implies
FA = F˜A + E˙Ai
(
2fij
j + f˜ jliΠ˜jl
)
− E˙Ai
(
2f˜ ijj + fjl
iΠjl
)
,
(41)
so that this flux is invariant if and only if
2fij
j + f˜ jliΠ˜jl = 0 , 2f˜
ij
j + fjl
iΠjl = 0 . (42)
In fact this condition holds if and only if the structure
constants are traceless as in (18). To see this, take for
example g = exp(ξiTi). From the definition (5) it follows
that
Π =
∞∑
s=0
(−1)s
(s+ 1)!
Πs, Πs =
s∑
n=0
(
s
n
)
(fT )s−nf˜fn .
(43)
Here we defined matrices f, f˜ so that
fi
j = ξkfki
j , f˜ ij = ξkf˜ ijk , (44)
and fT is the transpose of f . Obviously Π(ξ = 0) =
0, and similarly for Π˜, so that in (42) the tracelessness
conditions fij
j = 0 and f˜ ijj = 0 are necessary conditions,
and we must impose separately f˜ jliΠ˜jl = 0, fjl
iΠjl =
0. The latter conditions automatically follow from the
former, as we are about to prove. In fact notice that
Πs+1 = f
TΠs +Πsf , or in components
Πijs+1 = ξ
m(fmk
iΠkjs +Π
ik
s fmk
j) . (45)
Then
fij
lΠijs+1 = ξ
mfmi
l fjk
iΠjks , (46)
where we used the Jacobi identity for fij
k. Therefore the
trace of f with Πs+1 is proportional to the trace of f
with Πs, and eventually it is proportional to the trace of
f with Π0 = f˜ . The same is true for Π itself and we find
fij
lΠij = Fk
l fij
kf˜ ijmξ
m , F =
∞∑
s=0
(−1)s
(s+ 1)!
(fT )s .
(47)
The Jacobi identity on the double, apart from the stan-
dard Jacobi identities on Lie(G) and Lie(G˜), will also
impose a quadratic relation between fij
k and f˜ ijk
4fm[i
[kf˜ l]mj] − fijmf˜klm = 0 . (48)
Contracting indices i and l one finds the identity
fij
kf˜ ij l = fil
kf˜ ijj + fij
j f˜ ikl . (49)
We conclude that fij
lΠij vanishes because we are already
imposing that the structure constants are traceless. The
same reasoning goes for f˜ jliΠ˜jl, and we conclude that the
generalized fluxes are invariant if and only if (18) holds.
Anomalous contributions. A double Lorentz trans-
formation like EA
M → ΛˆABEBM , with components
Λˆ(+), Λˆ(−) receives anomalous contributions at order α′,
which for M = G−B read [24]
δˆM (DFT)mn =
a
2
tr(ω(−)m ∂nλˆ
(−)) +
b
2
tr(∂mλˆ
(+)ω(+)n ), (50)
where we omit flat indices and we trace over them,
and λˆ(±) are the infinitesimal transformation parameters.
The finite form of this transformation can be obtained as
done in [32]. Let us set (Λˆ(+), Λˆ(−)) = (Λˆ, 1) for the sake
of the discussion. Then the finite form of the transfor-
mation is
∆ˆΛˆM
(DFT)
mn =−
b
2
tr(∂mΛˆ
−1Λˆω(+)n ) + bB
WZW,(Λˆ−1)
mn
− b
4
tr(∂mΛˆ
−1Λˆ∂nΛˆ
−1Λˆ),
(51)
where BWZW was defined in (22). This formula can be
obtained after rewriting
δˆM (DFT)mn = δˆ1M
(DFT)
mn + δˆ2M
(DFT)
mn , (52)
7where
δˆ1M
(DFT)
mn =
b
2
tr(∂(mλˆω
(+)
n) ) +
b
4
tr(∂[mλˆHn])
δˆ2M
(DFT)
mn =
b
2
tr(∂[mλˆωn]),
(53)
where we omit flat indices also on Hma
b. Knowing that
under this Lorentz transformation the spin-connection
transforms as
ω → Λˆ(ω + dΛˆ−1Λˆ)Λˆ−1, (54)
one notices that the transformation δˆ1M
(DFT)
mn agrees
with the following infinitesimal transformation
δˆ1M
(DFT)
mn = δˆ
[
− b
4
tr(ω(+)m ω
(+)
n )−
b
4
tr(ω[mHn])
]
.
(55)
The finite transformation of the right-hand-side is easy
to calculate. For δˆ2M
(DFT)
mn one notices that
δˆ2dM
(DFT) =
b
4
δˆCS(ω), (56)
where we defined the Chern-Simons form CS(ω) =
tr(ωdω + 23ω
3) that under Lorentz transforms as
∆ˆCS(ω) = −d tr(dΛˆ−1Λˆω)− 1
3
tr[(dΛˆ−1Λˆ)3]. (57)
Our conventions are such that B = 12dx
n ∧ dxmBmn and
d acts from the right. Putting everything together one
finds (51). Eq. (51) gives the anomalous terms when
starting from the supergravity frame (i.e. in the diagonal
gauge e(+) = e(−)) and then doing a Lorentz transforma-
tion e
(+)m
a → Λˆabe(+)mb . To obtain the α′-corrections to
the PL duality map we have to start instead from the
situation e(+) 6= e(−) and do the Lorentz transformation
e
(+)m
a → Λabe(+)mb where Λ was given in (13). But this
can be equivalently obtained by subtracting the correc-
tions coming from the inverse Lorentz transformation.
This means that the corrections we are after are
− ∆ˆΛˆM (DFT)mn , where Λˆ = Λ−1, (58)
which agrees with (21). The reasoning to obtain the cor-
rections in the other gauge is analogous.
Dictionary to covariant schemes. In this Letter,
when considering α′-corrections to the fields Gmn, Bmn
and Φ, we work in a scheme that is not covariant un-
der local Lorentz transformations, and that is selected
when reducing from DFT. In order to translate our re-
sults to other covariant schemes typically used in the lit-
erature one needs to implement field redefinitions at or-
der α′. We collect here the redefinitions to the schemes
of Bergshoeff and de Roo (BR) [37, 38], Metsaev and
Tseytlin (MT) [39] and Hull and Townsend (HT) [40].
From [24] we have
M (DFT)mn = M
(BR)
mn −
a
4
ω(−)bma ω
(−)a
nb −
b
4
ω(+)bma ω
(+)a
nb ,
Φ(DFT) = Φ(BR) +
a
4
ω
(−)
mabω
(−)mab +
b
4
ω
(+)
mabω
(+)mab ,
(59)
where ω
(±)b
ma = ωma
b ± 12Hmab with H = dB, and the
spin-connection is
ωma
b = ea
n∂men
b − Γpmneanepb , (60)
with Γpmn the Christoffel symbols. From [24] again
M (BR)mn =M
(MT)
mn +
1
8 (a+ b)(H
2
mn − 2H[mabωn]ab
− 2∇pHmnp + 4Hmnp∇pΦ) ,
Φ(BR) = Φ(MT) + 132 (a+ b)H
2 ,
(61)
where the second line in the redefinition of M vanishes
on-shell, and H2mn = HmpqHn
pq. To relate the schemes
of HT and MT we take
M (HT)mn = M
(MT)
mn +
1
4 (a+ b)H
2
mn ,
Φ(HT) = Φ(MT) − 116 (a+ b)(−1 + 16 (1− 6q))H2 ,
(62)
where the parameter q appears in [40].
An example. In this appendix we work out explicitly
an example to show how to apply our results. We will
consider a Bianchi II background that at leading order
in α′ has metric
ds2 =
2t(y1dy2 − dy3)2
t2 + 1
+
(
t2 + 1
) (
t
(
dy22 + dy
2
1
)− dt2)
2t
,
(63)
and B = 0, Φ = 0. We lowered the indices of yσ only
for readability. This background is Ricci flat and there-
fore solves the supergravity/one-loop equations. Adding
enough flat directions one gets to D = 26.
This metric is invariant under the G isometry group
generated by Ti, i = 1, 2, 3 with
[T1, T2] = T3 . (64)
We will apply NATD on this background, so that we
have G˜ abelian f˜ ijk = 0. This also implies Π =
0. This background is of the form (4) if we take
g = exp(y2T2) exp(y
1T1) exp(y
3T3) and M˙ diagonal with
M˙11 = M˙22 = tM˙
−1
33 = −tM˙44 = 12 (1 + t2). Here we
are enumerating coordinates as xm = (y1, y2, y3, t) and
we will dualize all coordinates y. Moreover from (14) we
have d˙ = − 14 log(14 (1 + t2)2).
It is straightforward to obtain the dual background at
leading order in α′. Since G˜ is abelian, U˜ = 1 and we have
the only non-vanishing components Π˜12 = −Π˜21 = y˜3.
Then the dual metric is diagonal with G˜11 = G˜22 =
2(1 + t2)(4y˜23 + (1 + t
2)2)−1, G˜33 =
1
2 t
−1(1 + t2), G˜44 =
8− 12 t−1(1+t2), the B-field is just B˜12 = −B˜21 = 4y˜3(4y˜23+
(1 + t2)2)−1 and the dilaton Φ˜ = d˙ + 14 log[(1 + t
2)4(t +
4y˜23t+ 2t
3 + t5)−2].
We now want to obtain α′-corrections for the origi-
nal and dual backgrounds, so that the two-loop equa-
tions of the bosonic string are satisfied. We will work in
the scheme of Hull and Townsend (HT) [40]. The rele-
vant two-loop equations in our conventions can be read
from [41]. In general there are three types of contribu-
tions to take into account: (i) the anomalous transforma-
tions in the first line of (23), (ii) the second line of (23)
coming from expanding (4) at next order, (iii) the redef-
initions to map the DFT scheme to the HT one.
First we have to pick a choice for the vielbeins. Since
M˙ is diagonal, it is natural to choose also e˙ diagonal.
Since Π = 0, the Lorentz transformation Λ = 1 and then
we immediately have e = e(+) = e(−) = Ue˙, and in this
case there will be no contributions of type (i). We need
this vielbein also to compute the contributions (iii) since
M (HT)mn = M
(DFT)
mn − 12α′ω(−)bma ω
(+)a
nb . (65)
In the contributions (ii) ∆M˙ is an unkown to be fixed
by imposing the two-loop equations. The same is true
for ∆d˙ which appears in the correction to the dilaton. In
fact the correction to the dilaton in the HT scheme can
be obtained by noticing that (25) implies
∆Φ(HT) = α′∆d˙+
1
4
Gmn∆G(HT)mn +
α′
48
H2 , (66)
where ∆G
(HT)
mn is the full correction to the metric taking
into account (i),(ii) and (iii). We find that the origi-
nal background solves the two-loop equations if we con-
sider all these α′-corrections and if we set for example
∆d˙ = [t
(−2t4 + 3t2 + 2 (−t4 + t2 + 2) t arctan t+ 3)]/γ
with γ =
(
t2 − 1)2 (t2 + 1) and if we take ∆M˙ diagonal
with ∆M˙11 = ∆M˙22 =
1
2 [
(
3t2 − 1) (t2 + 1)3 arctan t +
t
(
3t6 + 7t4 + 9t2 − 3)] (t2 − 1)−1 (t2 + 1)−2, ∆M˙33 =
(t4 − 6t2 + 1) (t2 + 1)−4 and ∆M˙44 = [−2t8 + 20t4 +
8t2 − 2 (t2 − 3) (t2 + 1)3 t arctan t+ 6] (t4 − 1)−2.
To get the α′-correction to the dual background we
apply the same procedure. The difference now is that
e˜(+) 6= e˜(−) and therefore Λ˜ is non-trivial. Choosing
e˜ = e˜(−) we can obtain the corrections of type (i) as
in the first line of (24). In this example the WZW-like
contribution to the B-field turns out to be zero. Ob-
viously in (21) we have to use the dual vielbein e˜ and
spin-connection ω˜. The same is true when considering
corrections (iii). Putting together all corrections (whose
explicit form we omit for brevity) of type (i), (ii), (iii)
and of the dilaton, and using the previous ∆M˙ , ∆d˙, one
can check that indeed the α′-corrected dual background
correctly solves the two-loop equations. Obviously, work-
ing with the other choice e˜ = e˜(+) gives the same re-
sult since we are in the covariant HT scheme, provided
the anomalous transformations are now obtained from
a∆
(−)
Λ˜−1
M
(DFT)
nm . We remind that in the bosonic string we
have to set a = b = −α′.
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